Abstract. We prove the rationality of some Fano fourfolds via Mori Theory and the Minimal Model Program. This shows a connection between some admissible cubic fourfolds and some birational models of their associated K3 surfaces, pointing out that the rationality of admissible cubic fourfolds may be closely related to the construction of special projections of the associated K3 surfaces. We give several explicit examples of our construction, one of which relates the Fano divisor C14 of cubic fourfolds with a divisor of rational Gushel-Mukai fourfolds inside the moduli space.
Introduction
The study of the rationality of higher dimensional Fano manifolds is a very active area of research. Many new and interesting contributions and conjectures appeared in the last decades, mostly concerning the irrationality of very general Fano hypersurfaces (see for example the recent survey [Kol19] and the references therein). Deep recent contributions in [KT19] imply that the locus of geometrically rational fibers in a smooth family of projective manifolds is closed under specialisation, improving substantially our understanding of the loci of rational objects in the corresponding moduli spaces, see [HPT18] for very significative examples in dimension four. Notwithstanding, the irrationality of the (very) general cubic fourfold and the complete description of the rational ones remain two of the most challenging open problems.
A great amount of recent theoretical work on cubic fourfolds (see for example the surveys [Has16, Kuz16] ) lead to the expectation that the very general ones might be irrational and to the specification of infinitely many irreducible divisors C d of special admissible cubic fourfolds of discriminant d in the moduli space C, whose union should be the locus of rational cubic fourfolds (Kuznetsov Conjecture) . According to this conjecture, the rationality of cubics in C d depends on the existence of an associated K3 surface in the sense of Hassett/Kuznetsov, see [Has16, Kuz16] .
The first admissible values are d = 14, 26, 38, 42, 62, 74, 78, 86. Fano showed the rationality of a general cubic fourfold in C 14 , see [Fan43, BRS19] ; while every cubic fourfold in the irreducible divisors C 26 and C 38 is rational by the main results of [RS19] (see also [RS18] ). The proof was achieved by constructing surfaces S d ⊂ P 5 , contained in a general cubic fourfold of C d and admitting a four dimensional family of (3e − 1)-secant curves of degree e ≥ 2 parametrized by a rational variety, with the property that through a general point of P 5 there passes a unique curve of the family. Then the cubics through S d become rational sections of the universal family and hence are birational to the rational parameter space (see also Theorem 1.1 here).
This method did not clarify the relation with the associated K3 surfaces and even the construction of explicit birational maps from general cubics X ⊂ P 5 in C 26 and in C 38 to P 4 (or to other notable rational smooth fourfolds W ) in [RS18] apparently did not provide a birational incarnation in P 4 (or in W ) of a minimal K3 surface of genus 14, respectively of genus 20, determining the linear system of the inverse map. Indeed, the base loci of the linear systems of hypersurfaces of degree 3e − 1 having points of multiplicity e along the corresponding S d 's giving the birational maps µ : X P 4 are intractable schemes while the base loci of the inverse maps µ −1 : P 4 X ⊂ P 5 are even worse (see [RS18, Table 2 ]). Here we study all these phenomena via Mori Theory and via the Minimal Model Program to explain the birational nature of the maps µ : X W and of their inverses, to provide a description of their base loci and, finally, to illustrate the relations of these explicit birational maps with the associated K3 surfaces. We start with the observation that many of the known examples of surfaces S d ⊂ P 5 used to describe the special divisors C d (not only the admissible ones) have ideal generated by cubic forms defining a map ϕ : P 5 Z ⊂ P N which is birational onto its image, so that the restriction to a general cubic X through S d defines a birational map ϕ : X Y ⊂ P N −1 with Y a general hyperplane section of Z. In many cases, the birational morphismφ : X ′ = Bl S d X → Y is a small contraction, whose exceptional locus consists of (the union of) smooth surface(s) T ′ ⊂ X ′ ruled by the strict transforms of trisecant lines to S d . Since K X ′ is zero on the strict transforms of trisecant lines, the mapφ is a flop small contraction. In Theorem 2.6 we show that under the previous hypothesis there exists a flopψ : W ′ → Y of the surface T ′ ⊂ X ′ with W ′ a smooth projective fourfold. This Trisecant Flop τ : X ′ W ′ is constructed by analyzing the splitting of N * T ′ /X ′ restricted to a general strict transform of a trisecant line to S d ⊂ P 5 , see Remark 2.4. Then we remark that the existence of a congruence of (3e − 1)-secant rational curves to S d of degree e ≥ 2 produces an extremal ray on W ′ with divisorial locus, producing a birational morphism ν : W ′ → W with W a Q-factorial Fano variety with Pic(W ) ≃ Z and index i(W ), see Theorem 2.9. The birational morphism ν is (generically) the inverse of the blow-up of an irreducible surface U ⊂ W , which in the known admissible cases is a birational incarnation of the associated K3 surface to X. Moreover, the map µ = ν • τ • λ −1 : X W is given by a linear system of forms of degree 3e − 1 with points of multiplicity e along S d , while µ −1 : W X is given by a linear system of divisors in |O W (e · i(W ) − 1)| having points of multiplicity e along U . Everything is captured by the following diagram:
From these results (and from the examples considered in Sections 3 and 4) it emerges that the birational association between admissible cubic fourfolds and K3 surfaces passes through the construction of very particular (and in many cases also singular) non minimal birational models of these surfaces in the fourfolds W by mean of peculiar linear systems of hyperplane sections (often with base points of high multiplicities) on the minimal K3 surfaces, as for the classical case considered by Fano. The discussion in Section 5 provides a list of possible candidates of K3 surfaces U and of rational fourfolds W with U ⊂ W ⊂ P N (and with N of relative small dimension), which might lead to the proof of other cases of the Kuznetsov Conjecture for more relatively small admissible values. Some of these examples of non minimal K3 surfaces have been studied by Voisin in [Voi19, §4] to prove some vanishing results related to Lehn's Conjecture and have been later considered by Fontanari and Sernesi in [FS19, Theorem 10] .
Similarly to Hassett's analysis of cubic fourfolds, in [DIM15] and [DK18a, DK16, DK18b ] the authors studied Gushel-Mukai fourfolds, that is quadratic sections of linear sections of cones over the Grassmannian G(1, 4) ⊂ P 9 ; defined their coarse moduli space GM of dimension 24 and introduced, via Hodge Theory and via the Period map, the analogous definitions of countably many special divisors inside GM . Our contribution here is an alternative description of a divisor K of rational GM-fourfolds inside the moduli space, studied firstly in [DIM15, Subsection 7.3] . We show the rationality of these fourfolds in Theorem 4.3 via a Trisecant Flop and via the contraction of the extremal ray determined by a congruence of secant rational curves. In particular we shall see that a general GM-fourfold W ∈ K is birational to a general cubic fourfold X in the Fano divisor C 14 via explicit birational maps given by linear systems with multiplicities along the associated K3 surfaces of X and of the GM fourfold W . The maps µ : X W in this case provide a birational perspective to the association between Pfaffian fourfolds and smooth K3 surfaces of degree 14 and genus 8, developed originally by Beauville and Donagi in [BD85] and which has been the starting point of the modern study of special cubic fourfolds (and of hyperkäler manifolds) from different points of view.
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1. Preliminaries 1.1. Congruences of (3e−1)-secant curves of degree e to surfaces in P 5 . The following definitions have been introduced in [RS19, Section 1]. Let H be an irreducible proper family of (rational or of fixed arithmetic genus) curves of degree e in P 5 whose general element is irreducible. We have a diagram
where π : D → H is the universal family over H and where p : D → P 5 is the tautological morphism. Suppose moreover that p is birational and that a general member [C] ∈ H is (re − 1)-secant to an irreducible surface S ⊂ P 5 , that is C ∩ S is a length re − 1 scheme, r ∈ N. We shall call such a family H (or D or π : D → H) a congruence of (re − 1)-secant curves of degree e to S. Let us remark that necessarily dim(H) = 4.
An irreducible hypersurface X ∈ |H 0 (I S (r))| is said to be transversal to the congruence H if the unique curve of the congruence passing through a general point p ∈ X is not contained in X. A crucial result is the following. Theorem 1.1. [RS19, Theorem 1] Let S ⊂ P 5 be a surface admitting a congruence of (re−1)-secant curves of degree e parametrized by H. If X ∈ |H 0 (I S (r))| is an irreducible hypersurface transversal to H, then X is birational to H.
If the map Φ = Φ |H 0 (I S (r))| : P 5 P(H 0 (I S (r))) is birational onto its image, then a general hypersurface X ∈ |H 0 (I S (r))| is birational to H.
Moreover, under the previous hypothesis on Φ, if a general element in |H 0 (I S (r))| is smooth, then every X ∈ |H 0 (I S (r))| with at worst rational singularities is birational to H.
Since p : D → P 5 is birational, we also have a rational map
whose fiber through a general p ∈ P 5 , F = ϕ −1 (ϕ(p)), is the unique curve of the congruence passing through p.
It is natural to ask what linear systems on P 5 are associated to the abstract birational maps ϕ : P 5 H as above or to their restrictions to a general X ∈ |H 0 (I S (r))|. The linear system |H 0 (I e S (re − 1))|, when not empty, contracts the fibers of ϕ and in [RS18] we showed that, quite surprisingly, in many cases they can provide a birational geometric realization of ϕ for r = 3, yielding birational maps from cubic hypersurfaces through S to H with H = P 4 or with H a notable Fano fourfold. In the sequel we shall develop a theoretical framework for these phenomena in order to be able to understand also the birational maps defined by the previous linear systems.
1.2. Divisorial contractions, small contractions and flops. We introduce some general definitions of the MMP, adapting them to our setting.
Let X be a smooth projective irreducible fourfold defined over the complex field with ρ(X) = 1 (here ρ(X) denotes the Picard number of X) and let ϕ : X W be a birational map onto a smooth (or at least Q-factorial) irreducible projective fourfold, whose base locus scheme contains a surface S with at most a finite number of nodes.
Let λ : X ′ = Bl S X → X be the blow-up of S and consider the diagram:
When W is smooth, the complexity of the birational map ϕ : X W depends on the base locus scheme ofφ : Bl S X W . Surely the easiest case to be considered is when ϕ : Bl S X → W is a morphism, that is ϕ is a special birational map in the sense of Semple and Tyrrell (solved by a single blow-up along a smooth irreducible variety). If X ⊂ P 5 is a cubic fourfold and if S ⊂ X is smooth, few examples of special birational maps of the above type exist. Two examples of maps of this kind were firstly considered by Fano in [Fan43] , have been revisited in modern terms in [AR04, BRS19] and played a fundamental role in the formulation of Kuznetsov Conjecture. Example 1.2. Letting ϕ : X W be a special birational map with X ⊂ P 5 a cubic fourfold, letting B ⊂ W be the base locus scheme of ϕ −1 and letting U = B red , Fano's examples are the following:
(i) S ⊂ P 5 is a smooth quintic del Pezzo surface, W = P 4 , ϕ is given by |H 0 (I S (2))| and U ⊂ P 4 is a surface of degree 9 and sectional genus 8 having at most a finte number of singular points corresponding to planes in X spanned by conics in S. If non singular, the surface U is the projection from a 5-secant P 3 ⊂ P 8 of a smooth K3 surface of degree 14 and genus 8 and ϕ −1 is given by |H 0 (I U (4))|. (ii) S ⊂ P 5 is a smooth quartic rational normal scroll, W = Q 4 ⊂ P 5 is a smooth quadric hypersurface, ϕ is given by |H 0 (I S (2))| and U ⊂ P 4 is a surface of degree 10 and sectional genus 8 having at most a finite number of singular points corresponding to planes in X spanned by conics in S. If non singular, the surface U is the projection from the tangent plane of a smooth K3 surface of degree 14 and genus 8 and ϕ −1 is given by |H 0 (I U (3))| |Q .
Remark 1.3. The two surfaces S ⊂ P 5 appearing in Example 1.2 are the only smooth surfaces in P 5 admitting a congruence of secant lines (r = 3 and e = 1 in the definition), see for example [Rus00] . The lines of the congruence contained in X describe the exceptional locus E ofφ (or equivalently the exceptional locus λ(E) of ϕ : X W ) and are birationally parametrized by the surfaces U ⊂ W .
The general MMP philosophy suggests that meaningful birational properties of (rational) cubic fourfolds might be related to small contractions from X ′ . So one can start to investigate birational properties of cubic fourfolds from the point of view of the MMP and, if they exist, to consider the most elementary links in the Sarkisov Program associated to small contractions, i.e. flops and flips (one may consult [HK13] for results about this program in arbitrary dimension). Definition 1.4. Let X be a smooth irreducible projective variety (from now on a projective manifold) and letφ : X → Y be a small contraction, i.e.φ is a birational morphism onto a normal variety Y inducing an isomorphism in codimension one and such that ρ(X/Y ) = 1.
If K X · C = 0 for every irreducible curve contracted byφ, thenφ : X → Y is called a small flop contraction. A small flop contractionψ : W → Y with W a projective manifold is called a flop ofφ.
The resulting birational map τ =ψ −1 •φ : X W is usually called a flop if it is not an isomorphism. Since we assume ρ(X/Y ) = 1 = ρ(W/Y ), givenφ one can prove that the morphismψ, if it exists, is unique as soon as τ is not an isomorphism.
One can flop the small contractionφ : X → Y by constructing a projective manifold V and two birational morphisms σ : V → X and ω :
This means that the exceptional locus of σ, which is divisorial by the smoothness of X, is contracted by ω and that we have a commutative diagram:
First of all one may ask if there exist flops of this kind on the fourfolds X ′ = Bl S X obtained from cubic fourfolds X ⊂ P 5 by blowing-up a mildly singular surface S ⊂ X. As we shall see this is the case under some hypothesis and this occurrence is deeply related to the rationality of some special cubic fourfolds (or of other special fourfolds).
1.3. Condition K 3 and examples of small contractions on cubic fourfolds. Let us recall that, given homogeneous forms
h for every i = 0, . . . , M , then we say that (g 0 , . . . , g M ) is a syzygy of degree h and for h = 1 we shall say that the syzygy is linear. For i < j the syzygies (0, . . . , 0, f j , 0, . . . , 0, −f i , 0, . . . 0), corresponding to the trivial identity f i f j + f j (−f i ) = 0 are called Koszul syzygies. We say that the Koszul syzygies are generated by the linear ones if they belong to the submodule generated by the linear syzygies. This is the condition K d introduced by Vermeire in [Ver01] .
The next result provides a wide class of examples of rational maps with linear fibers (hence birational under mildly natural geometrical assumptions on their base locus scheme). Remark 1.6. Suppose that an irreducible surface S ⊂ P 5 is scheme-theoretically defined by cubic equations satisfying condition K 3 . Then, by Proposition 1.5, every positive dimensional fiber of ϕ : P 5 Z is a linear space P s cutting S in a cubic hypersurface S ∩ P s if s > 0. In particular 0 ≤ s ≤ 2 (except some trivial cases) and s = 2 occurs only for planes spanned by cubic curves contained in S, which are mapped to a point by ϕ. Hence if condition K 3 for S ⊂ P 5 holds and if a general cubic X ⊂ P 5 through S does not contain any plane spanned by cubic curves on S, the exceptional locus T ⊂ X of the restriction of ϕ to X is ruled by proper trisecant lines. As we shall see in Section 2.1 the expected dimension of T is two so that surfaces in P 5 defined by cubic equations satisfying condition K 3 may naturally produce examples of small contractions on X ′ = Bl S X.
The Trisecant Flop and the Extremal Congruence Contraction
We first introduce and study the behaviour of trisecant lines to a general non degenerate irreducible projective surface S ⊂ P 5 .
2.1. The Hilbert scheme of trisecant lines to S ⊂ P 5 . For the generalities we shall follow the treatment in [Bau98] . Let Hilb r P 5 (respectively Hilb r S) be the Hilbert scheme of 0-dimensional length r ≥ 2 subschemes of P 5 (respectively of S ⊂ P 5 ) and let Hilb r P 5 are smooth of dimension 5r and 8 + r, respectively. Moreover, if S ⊂ P 5 is smooth, then Hilb r c S is smooth of dimension 2r. In particular, either Al 3 S is empty or every irreducible components of Al 3 S has dimension at least 11 + 6 − 15 = 2, which is therefore the expected dimension of Al 3 S. So, for an irreducible projective surface S ⊂ P 5 , one might expect that, with few exceptions, the Hilbert scheme of trisecant lines Al 3 S is generically reduced (and hence generically smooth) of pure dimension two.
There exists a natural morphism of schemes
sending each length r ≥ 2 aligned subscheme of S to the unique line containing its support, that is to the multisecant line to S determined by the subscheme of points (counted with multiplicity). Let q : L → G(1, 5) be the universal family and let p : L → P 5 be the tautological morphism. Then
is called the Trisecant locus of S ⊂ P 5 . The previous count of parameters and analysis show that: the expected dimension of Trisec(S) is three; that every irreducible component of Trisec(S) has dimension at least two; that the irreducible components of dimension two of Trisec(S) are either S (in this case S is ruled by lines) or planes cutting S along a plane curve of degree at least three, see [Bau98] . By the Trisecant Lemma we deduce that dim(Trisec(S)) ≤ 4 for any irreducible surface S ⊂ P 5 . The known examples having dim(Trisec(S)) = 4 are very few (and most of them very singular) and are described in [Rog] . The smooth surfaces S ⊂ P 5 with dim(Trisec(S)) ≤ 2 are classified in [Bau98] .
In our analysis we shall always consider the most general case dim(Trisec(S)) = 3 and we shall also suppose that Al 3 (S) is generically smooth of pure dimension two. While the condition on the dimension is expected by the above parameter count, the smoothness of Al 3 S is related to the tangential behaviour of S ⊂ P 5 at the points of intersection of a general trisecant line by [GP13, Proposition 4.3] (see also [CC93, Section 1] and [Ran15] for spectacular generalisations). We shall specialise this general result to our setting. We now start to study the consequences of this natural condition, which we shall assume until the end of this subsection. Let S reg = S \ Sing(S) be the locus of smooth points of an irreducible non degenerate surface S ⊂ P 5 and let π : Bl S P 5 → P 5 be the blow-up of
3 S will cut S in three smooth distinct points and L ′ will be contained in the smooth locus of Bl S P 5 . In particular, N L ′ / Bl S P 5 will be locally free of rank four and deg(N L ′ / Bl S P 5 ) = −2 by Adjunction Formula. In the same way for a closed irreducible variety V ⊂ P 5 , we shall indicate by V ′ ⊂ Bl S P 5 its strict transform.
Lemma 2.3. Let S ⊂ P 5 be an irreducible non-degenerate projective surface with the expected trisecant behaviour and with at most a finite number of singular points, let L ⊂ P 5 be a general trisecant line and let notation be as above. Then
Proof. The strict transforms of the trisecant lines to S determine a proper family of trisecant lines on Bl S P 5 and the trisecant line L ′ represents a smooth point of this family, yielding
by the smoothness condition, and h 0 (N L ′ / Bl S P 5 (−1)) = 0 since through a general point of T ′ there passes a finite number of lines of the family. Then the exact sequence
assures that N L ′ /T ′ is locally free of rank 2 and that, letting
we have a i ≤ 0 for i = 1, 2. Since the line L ′ moves in a family of dimension two we have
If T ′ is smooth along L ′ , then the morphism on the right of the exact sequence (2.1) is surjective and NT ′ / Bl S P 5
Remark 2.4. We are interested in studying the birational properties of smooth cubic hypersurfaces X ⊂ P 5 passing through an irreducible projective surface S ⊂ P 5 having the expected trisecant behaviour and at most a finite number of singular points. Suppose L ⊂ X ⊂ P 5 is a general proper trisecant line to S contained in X.
and since we have the exact sequence:
. The last condition means that either the family of trisecant lines contained in X is two dimensional and generically reduced or it is one dimensional but not generically reduced as a subscheme of the corresponding Hilbert scheme. If X ⊂ P 5 does not contain Trisec(S), then the locus of trisecant lines to S contained in X is two dimensional and the family of trisecant lines contained in X is one dimensional.
Thus when X is sufficiently general and when S has the expected trisecant behaviour and at most a finite number of singular points, one expects that the locus of trisecant lines to S contained in X is of pure dimension two and that the one dimensional families of trisecant lines to S contained in X are generically smooth as subschemes of the corresponding parameter space.
This expectation translates into the following conditions, letting notation be as above:
where L ′ ⊂ Bl S X denotes the strict transform of L ⊂ X; if T ⊂ X denotes the unique two dimensional irreducible component of the locus of trisecant lines to S contained in X to which L belongs, then
Condition (2.2) is crucial. Indeed, as we shall see in the next section, it essentially says that T ′ can be flopped producing another four dimensional variety birational to Bl S X and hence to X in a very natural way.
If an irreducible projective surface S ⊂ P 5 has the expected trisecant behaviour and if S satisfies condition K 3 , then, for a general cubic through S, the expected splittings listed above hold for a general proper trisecant line to S contained in the cubic, see the proof of Theorem 2.6. There are also many other examples of different flavour for which the above conditions naturally hold and which naturally lead to flops of the trisecant locus contained in the cubic fourfold.
Assumptions and main definitions.
Assumption 1. Suppose we have a smooth irreducible projective surface (the treatment can be easily extended to surfaces with at most a finite number of singular points) S ⊂ P 5 scheme-theoretically defined by cubic hypersurfaces and such that the associated rational map
Then the restriction of ϕ to a general X ∈ |H 0 (I S (3))| induces a birational map
with Y a general hyperplane section of Z ⊂ P N . On X ′ = Bl S X we have
and our hypothesis on the defining equations of S and on the birational map ϕ : P 5 Z can be reformulated by saying that −K X ′ is a big divisor generated by its global sections. In particular, −K X ′ is nef and big so that X ′ is a log Fano manifold.
The induced morphismφ
is a small contraction (with very few exceptions). Indeed, the base locus scheme of ϕ is the surface S and ϕ contracts any irreducible (rational) curve C ⊂ X of degree e ≥ 1 which is 3e-secant to S, i.e. such that length(C ∩ S) = 3e (proper 3e-secant curve to S). Let us indicate by T ⊂ X the closure of the locus of proper 3e-secant curves to Let us remark that, by definition, ifφ : X ′ → Y is a Trisecant small contraction, then the exceptional locus ofφ : X ′ → Y has dimension at most two and the irreducible components of dimension two are covered by proper 3e-secant (rational) curves (in most cases they are ruled by these curves). By Zariski's Main Theorem, a positive dimensional fiber is connected so that a general positive dimensional fiber is smooth and irreducible.
During our study of birational maps ϕ : P 5 Z of the type described above, we constructed many examples of surfaces S ⊂ P 5 inducing Trisecant flop contractions on a general cubic fourfold X through S. In particular, surfaces satisfying condition K 3 , which does not exhaust all the examples we know (see Table 1 for some examples).
2.3. Existence of the Trisecant Flop. For simplicity we shall now assume as above that S is smooth. As always, let λ : X ′ = Bl S X → X be the blow-up of X along S, let E ⊂ X ′ be the exceptional divisor and let H ′ = λ * (H), where H ⊂ X is a hyperplane section.
The results in Subsection 2.1, in Remarks 1.6 and 2.4 suggest that, under some mild assumptions, Trisecant flop contractions might exist.
We shall now construct explicitly a flop of all the two dimensional irreducible components of T determined by trisecant lines to S. When these loci exhaust the exceptional locus of a Trisecant Flop contraction we shall obtain a Trisecant Flop ofφ : X ′ → Y . Flops of this kind have been also considered in [LLW10] in arbitrary dimension under the stronger assumption that the splitting (2.2) holds for every line of the ruling of T ′ .
Theorem 2.6. (Trisecant Flop) Let notation be as above, suppose that S ⊂ P 5 satisfies Assumption 1, thatφ :
is a small contraction and let T ′ ⊂ X ′ be its exceptional locus. Any irreducible smooth surface T ⊆ T ′ , which is ruled viaφ by trisecant lines to S can be flopped, yielding a small contractioñ ψ : W ′ → Y with W ′ a smooth projective fourfold.
In particular, ifφ : X ′ → Y is a Trisecant flop contraction and if every irreducible component of T ′ ⊂ X ′ consists of smooth irreducible surfaces ruled viaφ by trisecant lines, then the Trisecant flop τ :
Proof. Without loss of generality we can suppose that S ⊂ X is smooth and that T = T ′ is a smooth irreducible surface ruled viaφ and such thatφ(T ′ ) = C ⊂ Y is a curve. By definition of small contraction the general fiber ofφ : T ′ → C is smooth and irreducible so that C generically coincides, as a scheme, with the parameter space of trisecant lines to S contained in X. Let L ′ ⊂ T ′ be a general fiber of the restriction ofφ to T ′ . By Remark 2.4
Let σ : X ′′ = Bl T ′ X ′ → X ′ be the blow-up of X ′ along T ′ and let E ′ ⊂ X ′′ be the exceptional divisor. In particular σ −1 (L ′ ) ≃ P 1 × P 1 and there is another contraction of σ −1 (L ′ ) to a smooth rational curve L ′′ . The fibers of these contractions are smooth rational curves on the smooth threefold E ′ , which generate an extremal ray on E ′ . The locus of these curves covers E ′ so that the extremal ray determines a contraction ω : E ′ → R ′ with R ′ a smooth surface, see [Mor82] . By the above analysis the surface R ′ is ruled by the curves L ′′ . The restriction of N * E ′ /X ′′ to every irreducible component of a positive dimensional fiber of ω is O P 1 (1) so that every fiber of ω is smooth. There exists a morphism ω : X ′′ → W ′ with W ′ a smooth irreducible projective fourfold, which is the blow-up of W ′ along the smooth surface R ′ , see for example [Art70, Nak71, FN71] . The smooth rational curves L ′′ are contracted to C by the nef and big linear system | − K W ′ |, yielding a morphismψ : W ′ → Y such that C =ψ(R ′ ) and such that the surface R ′ is ruled byψ : R ′ → C.
We now state a useful corollary, helpful for our applications and showing that the phenomenon described above really occurs.
Corollary 2.7. Let S ⊂ P 5 be a surface satisfying Assumption 1, condition K 3 and such that dim(T ′ ) ≤ 2. If X ⊂ P 5 is a cubic hypersurface through S not containing any plane spanned by cubic curves on S and ifφ : X ′ = Bl S X → Y is the associated Trisecant flop contraction, then there exists the Trisecant flopψ : W ′ → Y .
2.4.
Trisecant Flop and congruences of (3e − 1)-secant rational curves of degree e ≥ 2. The aim of this section is to relate the Trisecant Flop to (congruences of) (3e − 1)-secant curves to S. We start by an easy but very fruitful result.
Proposition 2.8. (Extremal ray generated by (3e − 1)-secant curves) Let notation be as above, suppose that S ⊂ P 5 satisfies Assumption 1 and that there exists the Trisecant flop ψ : W ′ → Y of the small Trisecant flop contractionφ : X ′ = Bl S X → Y with X a general cubic fourfold through S.
If C ′ ⊂ X ′ is the strict transform on X ′ of a (3e − 1)-secant curve to S contained in X, then the strict transform C ′ of C ′ on W ′ generates an extremal ray on W ′ .
Proof. By hypothesis there exists a Trisecant Flop of the Trisecant flop contractionφ : X ′ = Bl S X → Y and hence a commutative diagram:
By definition C ′ is the strict transform of a smooth rational curve of degree e ≥ 1 which is (3e − 1)-secant to S. Thus
Consider the possible degenerations of C ′ ⊂ X ′ as sum of effective 1-cycles inside X ′ :
The cycles C 1 and C 2 are supported on rational curves, have degree e i = H ′ · C i and are β i = E · C i secant to S. In particular e 1 + e 2 = e and β 1 + β 2 = 3e − 1. Since −K X ′ is nef and since
generates an extremal ray becauseφ has contracted all the
The locus of the extremal ray [C ′ ] will determine the type of the associated elementary Mori contraction from W ′ onto a Q-factorial Fano variety. Let us begin by considering the most relevant case for our applications. An example of fiber type contraction will be exhibited in Subsection 3.6 and others can be constructed as soon as |(3e− 1)H ′ − eE| = ∅ and S ⊂ P 5 has a finite number ρ ≥ 2 of (3e−1)-secant curves of degree e ≥ 2 passing through a general point of P 5 . The dimension of the general fiber of the contraction will be ρ − 1 = 4 − dim(µ(X)). We have constructed examples for every ρ ≤ 5.
Theorem 2.9. (Extremal Contraction of the Congruence) Let notation be as above, suppose that S ⊂ P 5 satisfies Assumption 1 and that there exists the Trisecant Flopψ : W ′ → Y of the small Trisecant flop contractionφ : X ′ = Bl S X → Y with X a general cubic fourfold through S. If S ⊂ P 5 admits a congruence π : D → H of (3e − 1)-secant rational curves of degree e ≥ 2, then the locus of curves of the congruence contained in X ⊂ P 5 is a divisor D ⊂ X and the following hold:
(1) there exists a divisorial contraction ν : W ′ → W , with W a locally Q-factorial projective Fano variety, whose exceptional locus E is the strict transform of D on W ′ and such that ν(D) = U is an irreducible surface supporting the base locus scheme B of ν −1 . In particular, B is generically smooth and ν is generically the blow-up of the surface U . Let U = ν(E) ⊂ W . Since the (3e − 1)-secant curves to S belong to a congruence, through a general point of D there passes a unique curve of the congruence and the same holds for E. This implies dim(U ) = 2 and that the general positive dimensional fiber of ν is a smooth rational curve of the congruence. In particular the base locus scheme of ν −1 , which is supported on U , coincides generically with U and hence it is generically smooth. All the assertions in 1) are now proved.
The birational map µ ′ = ν •τ : X ′ W is given by a linear system in |a[(3e−1)H ′ −eE]|, a ≥ 1. The irreducible components of T are contained in the base locus scheme of this linear system because
for every strict transform of a 3e-secant curve to S contained in X. Since the map µ ′ is compatible with the Trisecant Flop, necessarily a = 1 and we have a commutative diagram:
Let H ⊂ W be as above and let H ′ be its strict transform on W ′ . Then F ′ · H ′ = e and 
In conclusion the birational map η ′ (and µ −1 ) is given by a linear system in |(i(W )·e− 1)H ′ − eE| of dimension 5.
Remark 2.10. Obviously, one can also revert the construction in Theorem 2.9 starting from suitable W and then producing the congruences of (3e − 1)-secant curves of degree e to a surface S ⊂ X ⊂ P 5 taking the image of E in X and by taking S ⊂ X ⊂ P 5 as the surface describing the linear system defining the inverse map µ : X W . In practice, as soon as the Trisecant Flop exists, the existence of a congruence of (3e − 1)-secant lines to S is equivalent to the existence W and of the surface U ⊂ W , which should be an incarnation of the associated K3 surface. From this point of view one associates to X the surface U as being the parameter space of the curves of the congruence D contained in X.
3. Applications to rationality of some cubic fourfolds and to the existence of some embeddings of non-minimal K3 surfaces
Now we apply the previous theoretical results to deduce that some cubic fourfolds are rational and, above all, also to find a birational incarnation of the associated K3 surfaces from the point of view of Hodge Theory or of Derived Category Theory. We summarize in Table 1 (see also Tables 2 and 3 ) the relevant information of some examples.
Isomorphic projection of a smooth surface in P 6 of degree 8 and sectional genus 3, obtained as the image of P 2 via the linear system of quartic curves with 8 general base points
Singular K3 surface of degree 10 and sectional genus 7, cut out by 12 quintics and having 8 singular points 4-fold of degree 28 in P 11 cut out by 16 quadrics ii 26 2 Rational scroll of degree 7 with 3 nodes P 4
Singular K3 surface of degree 10 and sectional genus 8, cut out by 12 quintics and one sextic, and having 3 singular points 4-fold of degree 29 in P 11 cut out by 15 quadrics iii 38 2
Smooth surface of degree 10 and sectional genus 6, obtained as the image of P 2 via the linear system of curves of degree 10 with 10 general triple points
Smooth non-minimal K3 surface of degree 12 and sectional genus 14 cut out by 9 quintics 4-fold of degree 20 in P 8 cut out by 16 cubics iv 26 2
Projection of a smooth del Pezzo surface of degree 7 in P 7 from a line intersecting the secant variety in one general point
Non-minimal K3 surface of degree 17 and sectional genus 11, cut out in P 7 by 5 quadrics and 13 cubics 4-fold of degree 34 in P 12 cut out by 20 quadrics v 38 3 Rational scroll of degree 8 with 6 nodes ( * ) G(1, 5) ∩ P 10 ⊂ P 10
Smooth non-minimal K3 surface of degree 22 and sectional genus 14, cut out in P 10 by 24 quadrics 4-fold of degree 17 in P 8 cut out by 3 quadrics and 4 cubics vi 14 3
Projection from 3 general internal points of a minimal K3 surface of degree 14 and sectional genus 8
Cubic fourfold
Complete intersection in P 7 of 2 quadrics and one cubic vii 14 3
Projection of a K3 surface of degree 10 and sectional genus 6 in P 6 from a general point on its secant variety
Gushel-Mukai fourfold in P 8
Smooth minimal K3 surface of degree 14 and sectional genus 8
Hypercubic section of a hyperplane section of G(1, 4) viii 14 5
General hyperplane section of a conic bundle in P 6 of degree 13 and sectional genus 12 ( * )
Complete intersection of three quadrics in P 7
Smooth non-minimal K3 surface of degree 13 and sectional genus 8, cut out by 9 quadrics
Hypersurface of degree 5 in P 5 ix 14 5
General hyperplane section of a pfaffian threefold in P 6 of degree 14 and sectional genus 15
Smooth minimal K3 surface of degree 14 and sectional genus 8 embedded in P 8 ⊂ P 14
Hypersurface of degree 5 in P 5
x 38 5
Smooth surface of degree 11 and sectional genus 7, obtained as the image of P 2 via the linear system of curves of degree 12 with one general simple point, 4 general triple points, and 6 general quadruple points ( * )
Smooth non-minimal K3 surface of degree 25 and sectional genus 17, cut out in P 10 by 21 quadrics
Hypersurface of degree 7 in P 5 Table 1 . Some examples of maps µ : X W . Here, X is a general cubic fourfold in C d , which contains a surface S ⊂ P 5 cut out by cubics and admitting a congruence of (3e − 1)-secant rational normal curves of degree e. The symbol ( * ) means that the cubic forms defining S do not satisfy the condition
Projection of an octic del Pezzo surface isomorphic to F 1 from a plane intersecting the secant variety in 3 general points (cut out by 10 cubics)
Non-minimal K3 surface of degree 13 and sectional genus 10, cut out in P 5 by one quadric, 9 quartics, and 3 quintics 4-fold of degree 17 in P 8 cut out by 3 quadrics and 4 cubics xii 38 3
Projection of an octic del Pezzo surface isomorphic to F 0 from a plane intersecting the secant variety in 3 general points (cut out by 10 cubics and one quartic)
LG 3 (C 6 ) ∩ P 11 ⊂ P 11
Non-minimal K3 surface of degree 26 and sectional genus 17, cut out in P 11 by 30 quadrics 4-fold of degree 18 in P 8 cut out by 2 quadrics and 8 cubics xiii 14 3
Isomorphic projection of a smooth surface in P 7 of degree 8 and sectional genus 2, obtained as the image of P 2 via the linear system of quartic curves with 4 simple base points and one double point (cut out by 10 cubics and 3 quartics)
Complete intersection of 2 quadrics in P 6
Singular K3 surface of degree 14 and sectional genus 8, cut out in P 6 by 2 quadrics and 9 cubics, and having one singular point
Complete intersection of 4 quadrics in P 8 xiv 26 5 Rational scroll of degree 8 with 4 nodes (cut out by 8 cubics and 3 quartics)
Non-minimal K3 surface of degree 14 and sectional genus 11, cut out in P 5 by one quadric, 7 quartics, and 2 quintics
Complete intersection in P 6 of a quadric and a quartic Table 2 . Further examples of maps µ : X W as in Table 1 . Here, X ∈ C d but is not necessarily a general element, and S ⊂ P 5 is not necessarily cut out by cubics.
2-secant lines to S passing through p

5-secant conics to S
passing through p 8-secant cubics to S passing through p 11-secant quartics to S passing through p 14-secant quintics to S passing through p Table 3 . Surfaces S contained in a cubic fourfold X ⊂ P 5 as in Tables 1 and 2 ; p denotes a general point of P 5 .
3.1. Determination of the surface U in explicit examples. The detection of the irreducible surface U ⊂ W can be made very precise due to the knowledge of the invariants appearing in Theorem 2.9 and via the usual linkage arguments for the maps µ and ϕ. Nowadays a modern computer can find the invariants of U , detect its smoothness (or its singularities), and so on. In this way a birational incarnation of the associated K3 surface to X appears inside W . Usually the birational map from the minimal K3 surface to U is very particular and associated to a linear system of hyperplane sections with points of high multiplicity, as we shall see in many examples. A lot of cases (for relatively small g) naturally appear, see Table 1 and also Section 5 for some speculations. Let us recall that d = 2g − 2 is also the degree of the associated minimal K3 surface of genus g in the embedding into P g = P d+2 2 .
3.2.
Trisecant flop associated to a degree 10 smooth surface S 38 ⊂ P 5 of sectional genus 6 (lines (iii) and (v) of Table 1 ). Let us consider the surfaces S 38 ⊂ P 5 obtained as the image of P 2 by the linear system of plane curves of degree 10 having 10 fixed triple points. These surfaces are contained in a general cubic fourfold in the admissible divisor C 38 , as shown in [Nue15] . They were also studied in [RS19, RS18] to prove that every cubic in C 38 is rational. A general surface of this kind admits a congruence of 5-secant conics, we have |5H ′ −2E| = P 4 and in concrete general examples the associated mapμ : Bl S 38 P 5 P 4 is birational, see [RS19, RS18] . In [RS18] it was calculated that the base locus of µ −1 is a two dimensional scheme B ⊂ P 4 of degree 42 and of sectional arithmetic genus 165.
The cubic generators of the homogeneous ideal of S 38 satisfy condition K 3 so that the linear system |H 0 (I S 38 (3))| defines a birational map onto the image ϕ : P 5 Z ⊂ P 9 by Proposition 1.5. The positive dimensional fibers of ϕ : Bl S 38 P 5 → Z ⊂ P 9 are 10 planes (spanned by the 10 elliptic cubic curves on S 38 determined by 9 of the 10 base points) and trisecant lines describing a three dimensional irreducible varietyT ⊂ Trisec(S) mapped byφ to a Veronese surface V ⊂ Z. In particular, the locus Trisec(S 38 ) ⊂ P 5 consists of the irreducible three dimensional varietyT and of ten planes.
A general cubic hypersurface X ⊂ P 5 through S 38 is smooth and does not contain any plane in Trisec(S 38 ). The restriction ofφ to X ′ = Bl S 38 X induces a small contraction:
with Y a general hyperplane section of Z. From the previous description we deduce that the locus T ⊂ X of trisecant lines contained in X is an irreducible scroll surface such that ϕ(T ) = C ⊂ Y is a smooth rational normal quartic curve (a general hyperplane section of the Veronese surface V ⊂ Z). It turns out that T has degree 8 and six nodes. The scroll T ′ ⊂ X ′ is smooth andφ| T ′ : T ′ → C is a P 1 -bundle. The birational morphismφ is an isomorphism between X ′ \ T ′ and Y \ C and hence it is a Trisecant flop contraction. Theorem 2.6 and Theorem 2.9 assure the existence of the the Trisecant flopψ : W ′ → Y and of the commutative diagram (0.1). The scroll R = ν(R ′ ) ⊂ P 4 has degree 6 (recall the we tensor with O P 1 (−1)). Let U ⊂ P 4 be the support of the base locus of ν −1 . The lines of the scroll R are 5-secant to U and ψ(R) =ψ(R ′ ) = C. Now we have all the information to look for U ⊂ P 4 . Let Π ⊂ P 4 be a general plane. Then Π ∩ U consists of deg(U ) general points. Since ψ(Π) = U ⊂ Y is a non-degenerate surface of degree 25 − deg(U ), the linear system of quintics defining U restricted to Π determines a linear system of plane quintics of dimension 8. Then deg(U ) = 12 and U is a smooth surface of degree 13.
By taking two general cubic hypersufaces X 1 , X 2 through S 38 we get a surface S ′ ⊂ X of degree 17=27-10 defined by X ∩ X 1 ∩ X 2 = S 38 ∪ S ′ . Then µ(S ′ ) = U ′′ ⊂ P 4 is a surface of degree 13 = 25 − deg(U ). Let V 1 , V 2 be two general quintic hypersurfaces through U . By taking two general quintic hypersurfaces through U ′ we deduce that U ⊂ P 4 is also smooth and that q = 0 and p g = 1. Hence U ⊂ P 4 is a degree 12 and genus 14 non-minimal K3 surface, whose ideal has at least 9 forms of degree 5 defining the map ψ : P 4 Y ⊂ P 9 . In particular W ′ ≃ Bl U P 4 and µ −1 :
is given by the linear system |9H ′ − 2E|.
This smooth non minimal K3 surface U ⊂ P 4 of degree 12 and genus 14 had been also constructed in [DES93, Section 2.7], where the authors showed that it is the blow-up in eleven points of a smooth K3 surface U ′ ⊂ P 20 of degree 38 and genus 20 with ideal generated by 9 forms of degree 5 satisfying condition K 5 . The linear system on U ′ is given by |D ′ − 4E 1 − 11 i=2 E i | with D ′ the strict transform of a hyperplane section of U ′ ⊂ P 20 . In conclusion via the Trisecant Flop and via the contraction of the congruence we found the associated surface U to a general pair (X, S 38 ) which is a birational incarnation of the Hodge Theoretically or Derived Categorically smooth minimal K3 surface of degree 38 and genus 20 associated to X.
Starting from a general non minimal K3 surface U ⊂ P 4 of degree 12 and genus 14 as above and by considering the linear system |9H ′ − 2E|, we get a birational map
with X ⊂ P 5 a general smooth cubic fourfold in C 38 .
A general cubic X through S 38 contains also the octic scroll with 6 nodes T ⊂ X ⊂ P 5 as part of the base locus scheme of the linear system |5H ′ − 2E|. The study of the associate birational map ϕ T : P 5 Z T ⊂ P 9 given by |H 0 (I T (3))| reveals the existence of a congruence of 8-secant twisted cubics to T . The linear system of octic hypersurfaces with triple points along T gives a map µ T : X W T ⊂ P 10 , with W T a linear section of G(1, 5) ⊂ P 14 . The surface U T ⊂ W T is a smooth non minimal K3 surface of degree 22 and genus 14 isomorphic to the blow-up in one point p 1 of a minimal K3 surface U ′ ⊂ P 20 of degree 38 and genus 20. It has ideal generated by 24 quadratic forms, which restricted to W T yields a birational map ψ : W T Y ⊂ P 8 (W T has ideal generated by 15 forms of degree 2 which provide 15 of the 24 generators of the ideal of U T ). The linear system on the blow-up of U ′ at the point p 1 is given by |D ′ − 4E 1 |, with D ′ the strict transform of a hyperplane section of U ′ ⊂ P 20 . This linear system is very ample by [FS19, Theorem 10] and it gives an embedding into P 10 by [Voi19, Proposition 4.1]. From this description we deduce that the surface U ⊂ P 4 considered above is the linear projection of U T ⊂ P 10 from a P 5 cutting U T in 10 points. As far as we know the construction of U T ⊂ W T ⊂ P 10 was not studied explicitly before. The birational map µ −1 T : W T X ⊂ P 5 is given by a linear system of divisors in |O W T (5)| having points of multiplicity 3 along U T , as prescribed by Theorem 2.9.
We shall now describe other examples, leaving some verifications to the reader.
3.3. Trisecant flop associated surface to a projected degree 8 smooth surface S 14 ⊂ P 5 of sectional genus 3 (line (i) of Table 1 ). Let S 14 ⊂ P 5 be a smooth isomorphic projection of an octic smooth surface S ⊂ P 6 of sectional genus 3 in P 6 , obtained as the image of P 2 via the linear system of quartic curves with 8 general base points. These surfaces are contained in a general cubic fourfold in the admissible divisor C 14 and they were studied in [RS19, RS18] , where it is also proved that: a general surface of this kind admits a congruence of 5-secant conics; that |5H ′ − 2E| = P 4 ; that in concrete general examples the associate map µ : X P 4 is birational. In [RS18] it was computed the base locus of µ −1 , which is a two dimensional scheme B ⊂ P 4 of degree 52 and of sectional arithmetic genus 256.
Since the homogeneous ideal of S 14 satisfies condition K 3 , the linear system |H 0 (I S 14 (3))| defines a birational map onto the image ϕ : P 5 Z ⊂ P 12 by Proposition 1.5. The locus T ⊂ X is two dimensional for X general cubic through S 14 . By Corollary 2.7, there exists the Trisecant Flop of the restriction ofφ to a general X through S 14 and Theorem 2.9 assures the existence of the birational contraction ν : W ′ → W .
Let U ⊂ P 4 be the support of the base locus of ν −1 . We have all the information to look for a possible U ⊂ P 4 : it may be a birational (smooth) K3 surface whose ideal contains at least 12 forms of degree 5 defining a map ψ : P 4 Y ⊂ P 11 . The singular (non minimal K3) surface U ⊂ P 4 of degree 10 and sectional genus 7 with 8 nodes, obtained by projecting the minimal K3 surface U ′ ⊂ P 8 of degree 14 and genus 8 from a general tangent plane into P 5 and then from a general external point, has ideal generated by 12 forms of degree 5 satisfying condition K 5 . The linear system of forms of degree 9 with points of multiplicity 2 along U ⊂ P 4 defines a birational map η : P 4 X ⊂ P 5 , which is µ −1 .
3.4. Trisecant flop associated surface to a Farkas-Verra septimic scroll S 26 ⊂ P 5 with three nodes (line (ii) of Table 1 ). Let S 26 ⊂ P 5 be a projection with three nodes of a general septimic scroll S(3, 4) ⊂ P 8 (the projection is made by a plane generated by three general points on the secant variety to S (3, 4) ). These surfaces are contained in a general cubic fourfold in the admissible divisor C 26 , as shown in [FV18] and they were also studied in [RS19, RS18] , where it is also proved that: a general surface of this kind admits a congruence of 5-secant conics; that |5H ′ − 2E| = P 4 ; that in concrete general examples the associate map µ : X P 4 is birational. In [RS18] it was computed the base locus of µ −1 , which is a two dimensional scheme B ⊂ P 4 of degree 51 and of sectional arithmetic genus 246.
Since the homogeneous ideal of S 26 satisfies condition K 3 , the linear system |H 0 (I S 26 (3))| defines a birational map onto the image ϕ : P 5 Z ⊂ P 12 by Proposition 1.5. The locus T ⊂ X is two dimensional for X general cubic through S 26 . By Corollary 2.7, there exists the Trisecant Flop of the restriction ofφ to a general X through S 14 and Theorem 2.9 assures the existence of the birational contraction ν : W ′ → P 4 .
Let U ⊂ P 4 be the support of the base locus of ν −1 . We have all the information to find U ⊂ P 4 : it may be a birational K3 surface whose ideal contains at least 12 forms of degree 5 defining a map ψ : P 4 Y ⊂ P 11 . By studying the image of the divisor of 5-secant conics contained in X and via liaison, we found that U ⊂ P 4 has degree 10, sectional genus 8 and 3 nodes. The surface is obtained by the associated minimal K3 surface U ′ ⊂ P 14 of degree 26 in this way. On the blow-up of U ′ at a point p 1 , one considers the linear system |D ′ − 4E 1 |, with D ′ the pull-back of a hyperplane section of U ′ ⊂ P 14 . It gives a birational morphism onto U ⊂ P 4 . The ideal of U ⊂ P 4 is generated by 12 forms of degree 5 satisfying condition K 5 . The birational map µ −1 : P 4 X ⊂ P 5 is given by a linear system of hypersurfaces of degree 9 having points of multiplicity 2 along U as prescribed by Theorem 2.9. Table 1 ). We give two examples of surfaces in P 5 which admit a congruence of 14-secant rational normal quintic curves and then we study the associated Trisecant Flop and the resulting Extremal Contraction of the congruences.
Two Trisecant flops coming from special Cremona transformations (lines (viii) and (ix) of
Let Φ : P 6 P 6 be a special cubic Cremona transformation, that is a Cremona transformation defined by cubic forms and whose base locus scheme is smooth and connected. From the main result in [Sta18] (see also [Sta19] ), it follows that the base locus of Φ can be of the two following types:
(1) a threefold B 1 of degree 14, sectional genus 15 with trivial canonical bundle which is Pfaffian, i.e. given by the Pfaffians of a skew-symmetric matrix; (2) a conic bundle B 2 over P 2 , embedded in P 6 as a threefold of degree 13 and sectional genus 12. Let S i ⊂ P 5 be a general hyperplane section of one of the two types of threefolds B i ⊂ P 6 as above, i = 1, 2. Then S i ⊂ P 5 is a smooth surface with ideal generated by 7 cubic forms and it is contained in a smooth cubic fourfold. The surface S 1 satisfies condition K 3 while the surface S 2 does not satisfy this condition and there exist irreducible components of the associated exceptional locus ruled by 6-secant conics. Moreover, from a standard parameter count, one sees that the closure of the locus of smooth cubics containing one of the two types of surfaces S i is C 14 (see [Sta19, Section 4] and Table 3 ).
Let ϕ : P 5 Z ⊂ P 6 be the map defined by the linear system of cubics through S i , that is the restriction of the special Cremona transformation Φ : P 6 P 6 to a general hyperplane P 5 ⊂ P 6 . We have that Z ⊂ P 6 is a quintic hypersurface since the inverse of Φ is defined by forms of degree 5. Through a general point z = ϕ(p) there passes 120 = 5! lines L i ⊂ Z. Let B ′ ⊂ Z be the irreducible fourfold, base locus of Φ −1 . Every line L i is mapped by ϕ −1 onto a smooth curve of degree e = 5 − length(L i ∩ B ′ ) which is (3e − 1)-secant to S, being mapped back to the line L i byΦ. In both examples there is a unique line L through z with L ∩ B ′ = ∅, yielding that these surfaces admit a congruence of 14-secant rational normal curves of degree 5.
We have the birational maps ϕ : X Y ⊂ P 5 with X a general cubic fourfold in C 14 and with Y ⊂ P 5 a quintic hypersurface which is a general hyperplane section of Z.
Letφ 1 : Bl S 1 X W ⊂ P 14 be the map defined by the linear system |14H ′ − 5E|. Then W ⊂ P 14 is a prime Fano fourfold with i(W ) = 1, which is a linear section of G(1, 6) ⊂ P 20 . The surface U ⊂ W ⊂ P 14 is a smooth minimal K3 surface of degree 14 and genus 8. The map ψ : W Y ⊂ P 5 is given by the linear forms in |O W (1)| defining the linear span U = P 8 ⊂ P 14 while µ −1 : W X ⊂ P 5 is given by a linear system of divisors in |O W (4)| having points of multiplicity 5 along U .
Letφ 2 : Bl S 2 X W ⊂ P 7 be the map defined by the linear system |14H ′ − 5E|. Then W ⊂ P 7 is a prime Fano fourfold with i(W ) = 2, which is the complete intersection of three quadric hypersurfaces. It is worth noticing that the W 's obtained in this way are rational (being birational to a cubic fourfold in C 14 ) and that they describe a locus of codimension three in the moduli space of complete intersections of three quadrics in P 7 , see [HPT17] . The surface U ⊂ W ⊂ P 7 is a smooth surface of degree 13 and sectional genus 8, which is the projection from a point on it of a smooth minimal K3 surface U ′ ⊂ P 8 of degree 14 and sectional genus 8. The ideal of U ⊂ P 7 is generated by 9 quadratic forms, whose restriction to W yields the birational map ψ : W Y ⊂ P 5 . The birational map µ −1 : W X ⊂ P 5 is given by a linear system of divisors in |O W (9)| having points of multiplicity 5 along U , as prescribed by Theorem 2.9.
3.6. Trisecant flops and contractions of fiber type. Let S 32 ⊂ P 5 be a smooth nondegenerate surface of degree 10 and sectional genus 6 obtained as the image of P 2 by the rational map defined by the linear system of plane curves of degree 9 having eleven general base points p 1 , . . . , p 11 , of which p 1 , . . . , p 6 are at least triple; p 7 , . . . , p 10 are at least double; p 11 is simple. The irreducible divisor C 32 can be described as the closure of the locus of cubic fourfolds containing a surface S 32 ⊂ P 5 , see [Nue15, §3] . In [RS19, Remark 7] we previously pointed out that a general S 32 satisfies property K 3 and that it has two 5-secant conics through a general points of P 5 . The Trisecant Flop τ : X ′ W ′ of the associated Trisecant small flop contractionφ : X = Bl ′ S 32 → Y exists. A general X through S 32 contains some 5-secant conics, which determine an extremal ray on W ′ .
Consider the linear system |H 0 (I 2 S 32 (5))|. One can verify that for a general S 32 we have h 0 (I 2 S 32 (5)) = 4 and that this linear system induces a dominant rational map ϕ : P 5 P 3 . The restriction of ϕ to a general X through S 32 induces a dominant rational map ϕ : X P 3 , whose general fiber is a quartic rational normal curve which is 10-secant to S 32 . Thus the elementary Mori contraction of the extremal ray on W ′ induced by the class of the strict transform of a 5-secant conic to S 32 contained in X is a conic bundle ν : W ′ → P 3 , whose general fiber is transformed into a general fiber of ϕ.
A divisor of rational Gushel-Mukai fourfolds via the Trisecant Flop
By definition a Gushel-Mukai fourfold Z ⊂ P 8 , GM fourfold for short, is a quadratic section of a linear section of a cone over the Grassmannian G(1, 4) ⊂ P 9 . Equivalently, we can consider a smooth prime Fano fourfold Z of degree 10 and index 2, that is Pic(Z) ≃ Z H is generated by the class of an ample divisor H such that H 4 = 10 and −K Z ≡ 2H. Then H is very ample and embeds Z in P 8 either as a quadratic section of a hyperplane section of G(1, 4) ⊂ P 9 (Mukai fourfold, see [Muk89, DIM15] ) or as a double cover of G(1, 4) ∩ P 7 branched along its intersection with a quadric (Gushel fourfold, see [Gus82, DIM15] ). Gushel fourfolds are specializations of Mukai fourfolds of degree 10 and genus 6.
There exists a 24 dimensional coarse moduli space GM of GM fourfolds, where the locus of Gushel fourfolds is of codimension 2, see [DIM15, DK16, DK18b] . There exists a period map p : GM → D, with D a quasi-projective variety of dimension 20, called the period domain. The map p is a dominant submersion by [DIM15, Theorem 4.4]. In particular, for a very general GM fourfold Z ⊂ P 8 , the natural inclusion
is an equality, see [DIM15, Corollary 4.6]. If A(G (1, 4) ) A(Z) holds, then Z is said to be a special GM fourfold. Following [DIM15, Section 7], suppose that an ordinary GM fourfold Z ⊂ P 8 contains a (smooth) surface S such that [S] ∈ A(Z) \ A(G (1, 4) ). Write [S] = aσ 3,1 + bσ 2,2 in G (1, 4) . Then the Double Points Formula for S ⊂ Z yields:
Inside D there exist countably many arithmetic hypersurfaces D d , d ∈ N, expressing the previous strict inclusion of lattices, whose union is the so called Noether-Lefschetz locus. A standard argument yields that
Some loci of rational Gushel-Mukai fourfolds of different codimension inside GM are known since the classical work of Roth, see [Rot49] and also [DIM15, Section 7] for recent contributions. As for cubic fourfolds the rationality/irrationality of a (very) general Gushel-Mukai fourfold is unknown and there are striking relations between the two problems.
4.1. Smooth quintic del Pezzo fivefolds in P 8 through a K3 surfaces of degree 14 and genus 8. Let Y ⊂ P 8 be a quintic del Pezzo fivefold. As it is well known Y ⊂ P 8 is a general hyperplane section of G(1, 4) ⊂ P 9 , Aut(Y ) has dimension 15 and it coincides with the group of projective transformations of P 8 leaving Y fixed. Moreover, two quintic del Pezzo fivefolds are projectively equivalent so that the Hilbert scheme DP parametrizing these manifolds is irreducible of dimension 65 and generically smooth.
Let S be the Hilbert scheme parametrizing K3 surfaces of degree 14 and genus 8 in P 8 . Then dim(S) = 99, S is generically smooth and a general [S] ∈ S is a transversal linear section of the Plücker embedding G(1, 5) ⊂ P 14 . Let Π p ⊂ G(1, 5) be a P 4 representing lines passing through a general p ∈ P 5 and parametrized by a fixed hyperplane H ⊂ P 5 not passing through p. Let π p : G(1, 5) G(1, H) ⊂ P 9 be the projection which to a line [L] ∈ G(1, 5) \ Π p associates its projection from p into H. Then one verifies that a general linear space M = P 8 ⊂ P 14 is such that M ∩ Π p = ∅ (see also [Uga02] for general results on smoothness of the projection of surfaces in G(1, 5) via π p ). Thus the K3 surface S = M ∩G(1, 5) is projected isomorphically from Π p onto a smooth surface S ⊂ G(1, H) ⊂ P 9 contained in a hyperplane H) is a smooth del Pezzo fivefold. Thus, fixing S ⊂ G(1, 4) ⊂ P 9 one has an irreducible five dimensional family of del Pezzo fivefolds containing S parametrised by an open subset of P 5 .
Let
S DP
We have seen that [S] ∈ S general is contained in at least a smooth del Pezzo fivefold, i.e. p 1 is a surjective morphism, and that p −1
) is irreducible and of dimension 5, yielding that I is irreducible of dimension 104. Hence, on a fixed quintic del Pezzo fivefold Y ⊂ P 8 we have a 39 dimensional family of K3 surfaces of degree 14 and genus 8 contained in Y , a fact that can be also verified by an explicit computation in an example. In particular, every quintic del Pezzo fivefold Y ⊂ P 8 contains such a family and dim(p Remark 4.1. The five dimensional family of del Pezzo fivefolds containing a general smooth K3 surface S ⊂ P 8 of degree 14 and genus 8 can be considered as the dual of the five dimensional family of smooth quintic del Pezzo surfaces contained in the associated cubic pfaffian fourfold. Indeed, following [BD85] , let V a vector space of dimension 6 and let
be the Plücker embeddings of the Grassmann manifolds G(2, V ), respecively G(2, V * ). These manifolds are the loci of tensors of rank at most two while the cubic hypersurfaces ∆, respectively ∆ * , which are the secant varieties of G(2, V ) and of G(2, V * ) respectively, are the loci of tensors of rank at most four.
⊂ L is a general smooth K3 surface of degree 14 and genus 8, while X = L ⊥ ∩ ∆ * is a smooth cubic hypersurface in
To a general subspace W ⊂ U ⊂ Λ 2 V * of dimension 5 there corresponds a surjection Λ 2 V * → Λ 2 W * . Consider the set of [α] ∈ X such that ker(α) ⊂ W . Then α |W is decomposable and since X ∩ G(2, V * ) = ∅, the inclusion U ⊂ Λ 2 V * yields an embedding U ⊂ Λ 2 W * and hence an embedding L ⊥ ⊂ P(Λ 2 W * ) such that L ⊥ ∩ G(2, W ) is a smooth quintic del Pezzo surface contained in X given exactly by the [α] ∈ X such that ker(α) ⊂ W . In this way one constructs the well known five dimensional family of smooth quintic del Pezzo surfaces contained in the Pfaffian cubic X, see [BD85] .
4.2. GM fourfolds containing a K3 surface of degree 14 and genus 8. Let Y ⊂ P 8 be a smooth quintic del Pezzo fivefold and let
Then dim(T ) = 5, dim(R) = 45, dim(R/T ) = 40 and for every class [Q] ∈ P(R/T ) general we obtain a general GM fourfold Z = Z [Q] ⊂ P 8 . The Hilbert scheme GM parametrizing GM fourfolds in P 8 has dimension 104 = 65 + 39. In particular, we deduce that GM fourfolds depend on 24 = 104 − 80 moduli since their automorphism group is finite by [DIM15, Proposition 4.1]. Suppose S ⊂ Z is a smooth K3 surface of degree 14 and genus 8. By the analysis in subsection 4.1 we deduce [S] = 9σ 3,1 + 5σ 2,2 . Moreover, we have S 2 = 23 by (4.2) and d = 10 by (4.3). Consider the locus K in the Hilbert scheme of GM fourfolds in P 8 corresponding to the closure of those containing a smooth K3 surface of degree 14 and genus 8. Since such a general K3 surface is contained in an irreducible five dimensional family of del Pezzo fivefolds, it is contained in an irreducible 14 dimensional family of GM fourfolds. Consider the incidence correspondence:
where by abusing notation we indicate by GM the Hilbert scheme of GM fourfolds in P 8 (and not only the coarse moduli space as before). By the previous analysis J is irreducible of dimension 113 = 99 + 14. In a specific example of GM fourfold Z ⊂ P 8 in K we verified that h 0 (N S/Z ) = 10 for a general K3 surface S ⊂ Z of degree 14 and genus 8, yielding dim(p 2 (J)) ≥ 113 − 10 = 103. Since p 2 (J) GM (a very general GM fourfold cannot contain a K3 surface of degree 14 and genus 8 by [DIM15, Corollary 4.6]) and since dim(GM ) = 104, we deduce that K = p 2 (J) is an irreducible divisor in GM . Moreover, a general [Z] ∈ K contains a 10 dimensional family of K3 surfaces of degree 14 and genus 8, whose general element is smooth and of Picard number one. We also have p(K) = D ′ 10 . Remark 4.2. Since h 0 (O S (2)) = 30 and since a del Pezzo fivefold containing a GM fourfold X has a 39 dimensional family of K3 surfaces of degree 14 and genus 8, a pure enumeration of the parameters would suggest that the dimension of the family of K3 surfaces of degree 14 and sectional genus 8 contained in X is 9. Since this would imply K = p 2 (J) = GM , we see that the 30 conditions imposed to quadrics to contain a K3 surface of degree 14 and genus 8 are not independent. We shall come back on this parameter count in the next section.
4.3. Surfaces of degree 10 and genus 6 with a node in P 5 obtained as projections of general K3 surfaces of degree 10 and genus 6. Let S ′ ⊂ P 6 be a smooth K3 surface of degree 10 and genus 6. Let S 14 ⊂ P 5 be the projection of S ′ from a general point on the secant variety of S ′ . Then S 14 ⊂ P 5 is a degree 10 and sectional genus 6 surface with a node, contained in smooth cubic hypersurfaces and whose ideal is generated by 10 cubic forms.
On a cubic fourfold X ∈ |H 0 (I S 14 (3))| we have (S 14 ) 2 = 38 and d = 3 · 38 − 100 = 14. The surfaces S 14 depend on at least 19 + 5 moduli so that the corresponding Hilbert scheme S 14 has dimension at least 59. By an explicit computation we find that for a (general) S 14 of the previous kind we have h 0 (N S 14 /P 5 ) = 59, proving that S 14 is generically smooth of dimension 59 and that the surfaces S 14 's depend on 24=59-35 moduli.
Since h 0 (I S 14 (3)) = 10, since there exists a cubic fourfold containing a 14-dimensional family of such surfaces and since dim(C 14 ) = 19, we conclude that
In particular a general cubic X ∈ |H 0 (I S 14 (3))| is rational for a general S 14 and the dimension of the family of surfaces S 14 's contained in a general X ∈ C 14 is 14 = 59 + 9 − 54.
The projection from the node q of S 14 yields a birational map j : S 14 S 0 ⊂ P 4 onto the projection S 0 ⊂ P 4 of S ′ ⊂ P 6 from two general points on it, which is a singular surface of degree 8 and sectional genus 6, cut out by one cubic and four quartics. The birational map j can also been described by (a six-dimensional family of) linear systems of quadrics on S 14 whose base loci are the union of the point q with a smooth quadratic section of a smooth quintic del Pezzo surface. From this one can find smooth quintic del Pezzo surfaces intersecting the given S 14 along a smooth curve of degree 10 and sectional genus 6 (we give some computational details in the Macaulay2 package mentioned in Section 6).
4.4. Rationality of GM-fourfolds in the divisor K. We now apply Theorems 2.6 and 2.9 to prove the rationality of GM-fourfolds in K and to illustrate an unknown birationality between pfaffian cubic fourfolds determined by the associated K3 surfaces. (8))| of octic hypersurfaces with triple points along S 14 restricted to a general X ∈ |H 0 (I S 14 (3))| defines a birational map µ : X W ⊂ P 8 with W a smooth GM-fourfold.
(ii) The map µ −1 : W X is given by a linear system of divisors in |O W (5)| having triple points along a smooth K3 surface S ⊂ W ⊂ P 8 of degree 14 and genus 8. In particular W is a general GM fourfold in the irreducible divisor K ⊂ GM . (iii) Every [W ] ∈ K is rational and K is an irreducible component of the inverse image in GM of the period domain D ′ 10 under the period map. Proof. Let notation be as above and let S 14 ∈ S 14 be general. The linear system |H 0 (I S 14 (3))| satisfies condition K 3 and defines a map ϕ = ϕ S 14 : P 5 P 9 which is birational onto a cubic section Z = ϕ(P 5 ) ⊂ P 8 of a del Pezzo fivefold in P 8 . Through a general point z = ϕ(p) ∈ Z there passes 18 lines contained in Z. Of these 11 are images of the eleven secant lines to S 14 passing through p. The remaining 7 come from six 5-secant conics to S 14 passing through p and a single 8-secant twisted cubic to S 14 passing through p, which is thus transversal to a general X ∈ |H 0 (I S 14 (3))| by Theorem 1.1. We deduce that a general S 14 admits a congruence of 8-secant twisted cubics. Moreover, there exists the Trisecant Flop of the small flop contractionφ : X ′ = Bl S 14 X → Y ⊂ P 8 with X general cubic through S 14 and with Y the corresponding general hyperplane section of Z (this is the example corresponding to the line (vii) of Table 1) .
By an explicit computation we verified that h 0 (I 3 S 14 (8)) = 9 for a general S 14 ∈ S 14 . Furthermore, considering the map µ : X W ⊂ P 8 , defined by the linear system |H 0 (I 3 S 14 (8))|, we verified that W ⊂ P 8 is a smooth GM-fourfold and that the image of the twisted cubics of the congruence contained in X is a smooth K3 surface S ⊂ W ⊂ P 8 of degree 14 and genus 8. The surface S ⊂ P 5 is defined by 15 quadratic forms while W is defined by 6 quadratic forms. The restriction of |H 0 (I S (2))| to W induces a birational map ψ : W Y ⊂ P 8 and the Trisecan Flopψ : W ′ = Bl S W → Y ⊂ P 8 . The linear system of divisors in |O W (5)| having triple points along S define µ −1 : W X ⊂ P 5 . The conclusion in (ii) follows from the parameter count in subsection 4.3 and can be also explained in the following way. The restriction of ϕ to a general cubic fourfold X ∈ |H 0 (I S 14 (3))| induces a birational map onto W . Since a general cubic in C 14 contains a 14 dimensional family of surfaces S 14 , we deduce that the family of W 's produced in this way has dimension 19 + 14 − 10 = 23. The ten dimensional family of K3 surfaces of degree 14 and genus 8 in W arises as the base loci of the inverses of ϕ : X Z S 14 , as shown above. The claim in (iii) about the rationality of every GM fourfold in K follows from the rationality of a general W ∈ K and from the main result of [KT19] .
Remark 4.4. In the notation of Theorem 4.3, letμ : P 5 W ⊂ P 8 denote the rational map defined by the linear system |H 0 (I 3 S 14 (8))| of octic hypersurfaces with triple points along a general S 14 . If D ⊂ P 5 is a general quintic del Pezzo surface intersecting S 14 along a smooth curve of degree 10 and genus 6, as constructed at the end of Subsection 4.3, we have that µ(D) ⊂ W is a smooth quadric surface Q which is 5-secant a general K3 surface S ⊂ W of degree 14 and genus 8. Then Q is a τ -quadric according to the terminology in [DIM15] and it has the following property: the projection from the linear span of Q gives a birational map W P 4 whose inverse is defined by the linear system of quartics passing through a singular surface S 0 ⊂ P 4 obtained by projecting a K3 surface in P 6 of degree 10 and genus 6 from two points on it (see [DIM15, Proposition 7.4]). It turns out that via this birational map the image of a general K3 surface S ⊂ W of degree 14 and genus 8 is a smooth surface in P 4 of degree 9 and sectional genus 8 cut out by 6 quartics, as in Example 1.2(i).
In particular, the divisor K of GM fourfolds coincides with the divisor of GM fourfolds containing a τ -quadric studied in [DIM15, Subsection 7.3].
Some questions on the rationality of admissible cubic fourfolds
The previous results and the analysis of a lot of examples suggest to formulate some questions of birational flavour about the rationality of cubic fourfolds. 5.1. Flops and rationality. First of all one can ask whether it is true that a cubic fourfold X ⊂ P 5 is rational if and only if it contains an irreducible surface S ⊂ P 5 such that there exist a flop τ : X ′ = Bl S X W ′ and a congruence of (3e − 1)-secant curves to S of degree e ≥ 2 transversal to X, determining an extremal divisorial contraction ν : W ′ → W to a prime Q-factorial rational Fano variety. Here S ⊂ P 5 is not necessarily scheme-theoretically defined by cubic equations but one can expect, as it occurs in many examples, that the scheme defined by cubics through S is able to determine the Trisecant flop and also the congruence (see Table 2 ).
One might also ask whether a cubic fourfold X ⊂ P 5 is rational if and only if there exist an irreducible surface S ⊂ X and an integer e ≥ 2 such that the linear system |H 0 (I e S (3e − 1))| determines a map µ : X W birational onto the image.
5.2.
Looking for the associated K3 surfaces U ⊂ W . Let d be an admissible value, let g = (d + 2)/2 and let U ′ ⊂ P g be a general K3 surface of degree d and genus g. One can ask whether there exists a birational map ψ : U ′ U ⊂ P r such that U is contained in a rational prime Q-factorial Fano variety W ⊂ P r of index i(W ). Then one might look for an integer e ≥ 2 such that the linear system of divisors in |O W (e · i(W ) − 1)| having points of multiplicity e along U determines a birational map onto the image. Finally, one hopes that the image of this map is a general cubic fourfold in
Let us analyze better this last question with a look to Table 1 and to the examples considered by Fano. In some cases the requirement W = P 4 forces the appearance of mild singularities on U , typically nodes, see lines (i) and (ii). Also the case of the smooth non minimal K3 surface of degree 9 and sectional genus 8 in P 4 considered by Fano for d = 14, see Subsection 1.2, depends on the existence of 5 points on U ′ imposing only four conditions to hyperplane sections. Very few smooth non minimal K3 surfaces U ⊂ P 4 are known and for most of them the degree d = 2g − 2 of the surfaces U ′ ⊂ P g is not admissible, see [DES93, §B4] ). Let us also recall that, according to a long standing conjecture, the degree of such a smooth U ⊂ P 4 should be bounded by 15, see [DES93] . The other lines of Table 1 suggest to look for surfaces U ⊂ P r contained in rational prime Fano fourfolds. We are aware of a unique technique to produce interesting smooth non minimal K3 surfaces as above with r small (if r is big, then the four dimensional variety W containing U might be singular or a Fano fourfold of index 1). It is the following result due to Voisin and to Fontanari-Sernesi. For the convenience of the reader, we list in Table 4 2 10  7  5  1  26  3 17  11  8  12  38  4 22  14  10  24  42  5 17  12  7  5  62  6 26  17  11  30  74  7 25  17  10  21  78  7 29  19  12  38  86  8 22  16  8  7  98  8 34  22  14  58  114  9 33  22  13  46  122  9 41  26  17  96  134  10 34  23  13  45   Table 4 . Embeddings in P r of blow-ups at one point of K3 surfaces of degree d as described by Theorem 5.1. Here d runs over all ammissible values < 140.
Let us remark that applying Theorem 5.1 for g = 8, d = 14 and m = 2 one obtains Fano's example of a smooth surface U ⊂ P 5 of degree 10 and genus 7. In this case h 0 (I U (2)) = 1 and the unique quadric W containing U is smooth. Moreover, h 0 (I U (3)) = 12 and the linear system |H 0 (I U (3))| |W yields a birational map to a smooth cubic fourfold X ⊂ P 5 in C 14 . A general external projection of U ⊂ P 5 into P 4 has eight nodes and it appears in line (i) of Table 1 . So either the complete linear system |H ′ − 2E| or a general sublinear system of dimension four are able to determine birational representations of a general cubic fourfold in C 14 .
Let us pass to the next admissible value d = 26 and hence g = 14. We take m = 3 and we get a smooth non minimal K3 surfaceŨ ⊂ P 8 . There exists a surface U ⊂ P 7 , which is a suitable linear projection ofŨ and whose ideal is generated by 5 quadratic forms, defining a smooth del Pezzo fourfold W ⊂ P 7 of degree 5, and by 13 cubics defining by restriction a small contraction Bl U W → Y ⊂ P 12 . Then W ⊂ P 7 is birational to a general cubic fourfold in C 26 via the linear system of quintic forms having points of multiplicity 2 along U ⊂ W , see line (iv) of Table 1 .
If we take d = 38 (and hence g = 20) and m = 4, then U ⊂ P 10 is a smooth non minimal K3 surface of degree 22 and sectional genus 14 contained in the Mukai fourfold W = G(1, 5)∩P 10 . Via the Trisecant Flop one deduces that a general cubic in C 38 is birational to this W , see line (v) of Table 1 . So one tries to find possible candidates U ⊂ W ⊂ P r for the next admissible values following the same path. The first interesting case to be investigated is d = 42 for which the Kuznetsov Conjecture is open. If U ′ ⊂ P 22 is a general primitive K3 surface of degree 42 and genus 22, then taking m = 5 we produce a smooth non minimal K3 surface U ⊂ P 7 of degree 17 and genus 12. We suspect that the five quadrics vanishing on U define a del Pezzo fourfold W ⊂ P 7 containing U . If this were the case, one might expect that the linear systems of forms of degree 3e − 1 having point of multiplicity e ≥ 2 along U restricted to W give birational maps onto general cubic fourfolds in C 42 . We are not aware of a surface contained in a general cubic fourfold in C 42 able to define maps µ onto a rational fourfold (see [Lai17] for the construction of rational normal scrolls of degree 9 with 8 nodes in these cubic fourfolds).
Continuing with the next admissible value d = 62 (and g = 32), we can take m = 6 and obtain a surface U ⊂ P 11 of degree 26 and sectional genus 17. We suspect that in this case W ⊂ P 11 is a linear section of the Lagrangian Grassmannian LG 3 (C 6 ) ⊂ P 13 . Indeed, we constructed some examples of non minimal K3 surfaces in P 11 contained in such W , obtained by a minimal K3 surface of degree 38 and genus 20 by imposing three double points to the linear system of hyperplane sections and defined by 30 quadratic equations (see the line (xii) of Table 2 ). So also in this case one hopes to verify Kuznetsov Conjecture.
We also point out that a general projection of such a K3 surface U ⊂ LG 3 (C 6 ) ⊂ P 11 from one of its points (respectively, from one of its tangent planes) yields an example of surface with the same numerical invariants as in the line d = 74 (respectively, d = 86) of Table 4 .
Explicit examples of trisecant flops in Macaulay2
We provide a Macaulay2 package [GS19] named TrisecantFlops, 1 which produces explicit examples of Trisecant Flops in accordance to Tables 1 and 2 . Once the package is loaded, typing example i (where i is an integer between 1 and 14), will build up a birational map X W as in the i-th line of Tables 1 and 2 . For instance, we now consider the third example.
Macaulay2, version 1.14 with packages: ConwayPolynomials, Elimination, IntegralClosure, InverseSystems, LLLBases, PrimaryDecomposition, ReesAlgebra, TangentCone, Truncations i1 : needsPackage "TrisecantFlops"; i2 : mu = example 3; o2 : SpecialRationalMap (birational map from hypersurface in PP^5 to PP^4) i3 : describe inverse mu o3 = rational map defined by forms of degree 9 source variety: PP^4 target variety: smooth cubic hypersurface in PP^5 birationality: true projective degrees: {1, 9, 27, 15, 3}
We can obtain the smooth surface S ⊂ P 5 of degree 10 and sectional genus 6 by giving the following command.
i4 : S = specialBaseLocus mu; i5 : (codim S, degree S, (genera S)_1) o5 = (3, 10, 6) Analogous, the K3 surface U ⊂ P 4 is obtained as follows.
i6 : U = specialBaseLocus inverse mu; i7 : (codim U, degree U, (genera U)_1) o7 = (2, 12, 14)
Finally, the following command yields an extension to P 5 of the map µ : X W = P 4 whose general fibre is a 5-secant conic to the surface S.
i8 : extend mu; o8 : SpecialRationalMap (dominant rational map from PP^5 to PP^4)
